Abstract. We give an elementary construction of an arbitrary differentially closed field and of a universal differential extension of a differential field in terms of Nash function fields. We also give a characterization of any Archimedean ordered differentially closed field in terms of Nash functions.
Introduction
The study of differential algebras was started in the first half of the twentieth century by J. F. Ritt [13, 14] , and continued by E. R. Kolchin and J. F. Ritt [15] (see also [8] ), I. Kaplansky [7] and others (see for instance [6, 9, 11, 17, 18, 19, 20, 23, 24] ).
The investigation of these algebras in the context of model theory was initiated by A. Robinson [16] . Despite a fairly long period of study of differential algebras, it is difficult to indicate papers where natural examples of differentially closed fields are given. By A. Seidenberg's embedding theorem [23, 24] we only know that:
Every countable ordinary differential field of characteristic zero F is differentially isomorphic over F to a differential subfield of the field of germs of meromorphic functions in one variable at the origin.
The aims of this article are: to give a universal model of an arbitrary ordinary differentially closed field of characteristic zero (Theorem 3.8 with the use of the axiom of choice and Theorem 3.11 without that axiom); to construct a differentially closed universal differential extension of an ordinary differential field (Theorem 4.1); and to construct an Archimedean ordinary ordered differentially closed field (Theorem 5.8). To this end we present a construction, in terms of Nash functions, of all algebraically closed fields of characteristic zero, i.e., the algebraic closures of the rational function field k = Q(Λ T ) in the system of independent variables our purpose, because any ordinary differentially closed field K of characteristic zero is differentially isomorphic to the algebraic closure of some field Q(Λ T ) (Corollary 3.3). If T = ∅ then Q(Λ T ) = Q and so the differential closure of Q(Λ T ) is contained in the algebraic closure of Q(Λ N ), i.e., one can take T = N (Proposition 1.1). We assume the Kuratowski-Zorn Lemma, so the set T can be well-ordered, provided
The construction of any differentially closed field will be based on the construction of some family Ω of semialgebraic subsets of C T , called a c-filter (see Section 2) and the rings N (U ) of complex Nash functions on sets U ∈ Ω. The sets of the family Ω will be open, connected and simply connected. One can assume that they are dense in C T . The algebraic closure of Q(Λ t : t ∈ T ) will be constructed as the set of equivalence classes of the following relation in U∈Ω N (U ):
Then the set N Ω of equivalence classes of "∼" with the usual operations of addition and multiplication is a field, which is the algebraic closure of Q(Λ T ) (see Proposition 2.5, cf. [29, Theorem 2.4 and Corollary 2.5]). Whenever the space C T is infinitedimensional, we will construct a derivation δ on N Ω such that for each pair p, q ∈ N Ω {y} of differential polynomials such that ord q < ord p and q = 0, there is some f ∈ N Ω with p(f ) = 0 and q(f ) = 0 (see Theorem 3.8) . In order to prove that for any differentially closed field there exists a model as a Nash field, we construct a c-filter W C T (see Proposition 2.9). This construction enables us to construct, for any differential Nash field, a differentially closed universal differential extension field of the same cardinality (see Theorem 4.1).
Differential fields
In this section we will collect some facts concerning differential fields. For more detailed information on this topic see for instance [7, 8, 9, 11, 14, 19, 20 ].
1.1. Differential algebras. Let k be a commutative ring with unity and let A be a k-algebra, i.e., a left k-module with multiplication. A k-linear mapping δ : A → A is called a derivation on A if δ(ab) = δ(a)b + aδ(b) for any a, b ∈ A.
A k-differential algebra (A, ∆) is defined as a k-algebra A with a nonempty set ∆ of derivations on A such that δδ ′ (a) = δ ′ δ(a) for all a ∈ A and δ, δ ′ ∈ ∆. If the k-algebra A is a ring, an integral domain or a field, then we call the k-differential algebra (A, ∆) a k-differential ring, a k-differential domain or a k-differential field respectively. If k = Q, we will write "differential" instead of "k-differential". If m = card ∆ = 1, the k-differential algebra (respectively ring, domain or field) is called ordinary; if m > 1, it is called partial. If ∆ = {δ}, the k-differential algebra (A, ∆) is denoted by (A, δ).
Let (A, ∆) be a k-differential algebra and let Θ be the set of k-derivative operators on A generated by ∆, i.e., the free commutative semigroup generated by ∆. Then any θ ∈ Θ can be uniquely expressed in the form of a product θ = δ∈∆ δ e(δ) , where e(δ) ∈ N (we assume that 0 ∈ N). The number s = δ∈∆ e(δ) is called the order of θ and is denoted by ord θ.
1.2. Differential polynomials. Let (R, ∆) be a k-differential ring, Θ the set of k-derivative operators on R generated by ∆, and J a nonempty set. We denote by
R{y j : j ∈ J} the ring of k-differential polynomials, i.e., the ring of polynomials
with coefficients in R, in the system of variables Y J,Θ = (y j,θ : j ∈ J, θ ∈ Θ), where we assume that θ 1 (y j,θ2 ) = y j,θ1θ2 for θ i , θ 2 ∈ Θ and y j = y j,θ for θ ∈ Θ of order 0.
The ring R{y j : j ∈ J} has the structure of a k-differential ring with the set of k-derivations ∆ if we set δ(y j,θ ) = y j,δθ for j ∈ J, δ ∈ ∆ and θ ∈ Θ. If card J = 1, we will write R{y} instead of R{y j : j ∈ J}.
Take any k-differential polynomial p ∈ R{y j : j ∈ J}. Then there are d, n ∈ N, n > 0, and
where i 1 , . . . , i n ∈ N and r i1,...,in ∈ R for i 1 + · · · + i n ≤ d. The number
is called the order of p and denoted by ord p (we set max ∅ = −1, and then
If card J = 1 and ∆ = {δ}, then for any polynomial p ∈ R{y}, we denote by p * the unique polynomial from R[x 0 , . . . , x n ], where n = ord p, such that
Then for any a ∈ R we have p(a) = p * (a, δ(a), . . . , δ n (a)). In this paper we will use the following (equivalent to the above) definition of ordinary differentially closed fields, due to L. Blum [2] :
An ordinary differential field (K, δ) of characteristic zero is called differentially closed if for each pair p, q ∈ K{y} of differential polynomials such that ord q < ord p and q = 0, there is some a ∈ K with p(a) = 0 and q(a) = 0.
From [25, Lemma 4] we obtain the following fact (cf. [21, 22, 23, 24] ). Proposition 1.1. Assume that (K, δ) is a differentially closed field of characteristic zero, where δ = 0. Then the transcendence degree trdeg Q K of K over Q is infinite.
Proof. We will write y ′ for y δ and y for y 0 . Consider the differential polynomials
Consider a sequence of differential polynomials p j = p 0 and q j = q j−1 (y − ϕ j−1 ), where ϕ j−1 ∈ K, p j−1 (ϕ j−1 ) = 0 and q j−1 (ϕ j−1 ) = 0 for j ∈ N, j > 0. Since (K, δ) is a differentially closed field, such sequences exist. Consequently, there exist an infinite number of distinct nonzero solutions of the equation p 0 = 0. Then [25, Lemma 4] yields the assertion.
Let (U, δ * ) be a differential extension of a differential field (K, δ) of characteristic zero. We say that (U, δ * ) is a universal extension of (K, δ) if every finitely generated extension of (K, δ) may be embedded in (U, δ * ).
Ordered differentially closed fields.
We will use the following definition of ordered ordinary differentially closed fields, due to M. Singer [26] .
Let R be a real field with an ordering ≻ and a derivation δ. The field (R, δ) is called an ordered (or real ) ordinary differentially closed field, or briefly ordered differentially closed, if R is real closed and for any p, q 1 , . . . , q m ∈ R{y} such that n = ord p ≥ ord q i for 1 ≤ i ≤ m, and any a 0 , . . . , a n ∈ R such that p * (a 0 , . . . , a n ) = 0 with ∂p * ∂xn (a 0 , . . . , a n ) = 0 and q * i (a 0 , . . . , a n ) ≻ 0 for 1 ≤ i ≤ m, there exists a ∈ R such that p(a) = 0 and q i (a) ≻ 0 for 0 ≤ i ≤ m. Remark 1.2. From the definition we immediately see that if (R, δ) is an ordered differentially closed field with δ = 0, then for any n ∈ N the space
The following is known (see [27] ):
where
closed field (of characteristic 0).
From the above and Proposition 1.1 we have Corollary 1.4. Assume that (R, δ) is an ordered differentially closed field, where δ = 0. Then the transcendence degree trdeg Q R of R over Q is infinite.
It is easy to prove Proposition 1.5. Let (R, δ) be an ordered differentially closed field, ordered by ≺. Then for any differential polynomial p ∈ R{y} and any a, b ∈ R such that a ≺ b and p(a)p(b) ≺ 0 there exists c ∈ R such that a ≺ c ≺ b and P (c) = 0.
Proof. Take any a, b ∈ R such that a ≺ b and p(a)p(b) ≺ 0. Consider the polynomials Q(y) = (y − a)(b − y) and R(t) = P (ta + (1 − t)b). By the assumptions,
is an ordered differentially closed field, there exists c ∈ R such that P (c) = 0 and Q(c) ≻ 0. Consequently, a ≺ c ≺ b, which completes the proof.
Van der Hoeven [6] proved that the field T of transseries satisfies the assertion of Proposition 1.5. We will prove that for an ordered differential field (R, δ) the inverse to Proposition 1.5 holds, provided R is Archimedean and any linear differential equation over R has a solution in R. Proposition 1.6. Let (R, δ) be an ordered differential field, ordered by ≺. Assume that R is Archimedean, real closed, and any linear differential equation (i.e., of order 1) over R has a nonzero solution in R. If for any differential polynomial p ∈ R{y} and any a, b ∈ R such that a ≺ b and p(a)p(b) ≺ 0 there exists c ∈ R such that a ≺ c ≺ b and P (c) = 0 then the field (R, δ) is ordered differentially closed.
Proof. Since any linear differential equation over R has a nonzero solution in R,
. . , n, form a basis of R n+1 over R. Since Q is a dense subset of R, the linear
Take differential polynomials p, q 1 , . . . , q m ∈ R{y}, where n = ord p ≥ ord q j for j = 1, . . . , m and p * (a 0 . . . . , a n ) = 0, ∂p * ∂xn (a 0 , . . . , a n ) = 0 and q * j (a 0 , . . . , a n ) ≻ 0 for j = 1, . . . , m and some (a 0 , . . . , a n ) ∈ R n+1 . Then there are r 0 , . . . , r n ∈ Q and s 0 , . . . , s n ∈ Q such that for a = r 2. Semialgebraic preliminaries 2.1. L-algebraic and semialgebraic sets. Let us recall some facts from [28] concerning algebraic and semialgebraic sets in a space of infinite dimension.
Let K be a subfield of C. Let T be a nonempty set. We denote by Λ T = (Λ t :
t ∈ T ) a system of independent variables, and by K[Λ T ] and K(Λ T ) the ring of polynomials in the variables of Λ T over K and its quotient field, respectively. More precisely, for any P ∈ K(Λ T ) we have P ∈ K(Λ t1 , . . . , Λ tm ) for some finitely many
We denote by K T the set of all functions T → K equipped with a topology for which all projections
when it is defined by a finite system of equations P = 0, where
is called L-semialgebraic when it is defined by a finite alternative of finite systems of inequalities P > 0 or P ≥ 0, where
From the basic properties of algebraic and semialgebraic sets in finite-dimensional real vector spaces (see [1] , [3] , [4] , [12] ) we obtain
(a) The family of L-algebraic sets in K T is closed with respect to finite unions and intersections.
(b) The family of L-semialgebraic sets in K T is closed with respect to complements and finite unions and intersections.
T , the interior Int X, closure X and the boundary Fr X are L-semialgebraic.
following conditions:
will be called a c-filter in K T (see [28] ).
an open connected and simply connected Q-semialgebraic set U 0 ⊂ K T and a set
Proof. Take any U ∈ Ω. Then there exist m ∈ N and t 1 , . . . , t m ∈ T such that
Take a cylindrical decomposition S 1 , . . . , S ν of K m adapted to the set X. We may assume that X = n j=1 S j for some n ≤ ν, and Int S 1 , . . . , Int S l = ∅, while Int S l+1 = · · · = Int S n = ∅. Then X = l j=1 S j , and S 1 , . . . , S l are open connected and simply connected Q-semialgebraic sets. Moreover,
and by conditions (ii) and (iii) in the definition of c-filter, we deduce that there exists
Then taking U 0 = U j we deduce the assertion.
In the real case we have the following property of c-filters.
Proposition 2.3 ([28, Proposition 1.1]).
For any c-filter Ω of subsets of R T , the set U∈Ω U has at most one point.
The assertion of Proposition 2.3 fails in the complex case (see Section 2.5).
However, it does hold for some c-filters. Namely, let T ⊂ R be a set algebraically independent over Q, and let x 0 ∈ R T be defined by x 0 (t) = t for t ∈ T . Then there
for any t 1 , . . . , t m ∈ T with t 1 < · · · < t m and ε ∈ Q + andx = (x 1 , . . . ,x m ) ∈ Q m such that |t j −x j | < ε for j = 1, . . . , m (and so x 0 ∈ U ).
A c-filter Ω in K T such that x 0 ∈ U for any U ∈ Ω will be called centered at x 0 .
Field of Nash functions.
open Q-semialgebraic set, is called a Q-Nash function if f is analytic and there
, where Z is a single variable, such that
In fact f depends on a finite number of variables, so the analyticity of f is clear. The ring of Q-Nash functions in U is denoted by N R (U ).
, is called a C-Q-Nash function if f is holomorphic and there exists a
The ring of
For the basic properties of Nash functions and semialgebraic sets in finitedimensional vector spaces see for instance [1] , [3] , [4] , [10] . From these properties we immediately obtain:
By Proposition 2.4, for any c-filter Ω in K T and any U ∈ Ω, the ring
we introduce an equivalence relation by
The ∼-equivalence class of f : U → R will be denoted by Recall that Ω determines an ordering in N R Ω denoted by ≻ Ω (see Proposition 2.5), i.e., a total ordering satisfying:
, we say that Ω 1 determines the ordering ≻.
Let ≻ be an ordering in N R Ω determined by a c-filter Ω of Q-semialgebraic subsets of R T . Then one can assume that T is linearly ordered by: 
There exists x ≻ ∈ ∂Ω such that the set of coordinates of x ≻ is algebraically independent over Q.
(c) There exists x ≻ ∈ ∂Ω such that x ≻ ∈ U for any U ∈ Ω.
It is well-known that any Archimedean field can be embedded in R, so if (N R Ω , ≻) is Archimedean, then one can assume that T ⊂ R. Then Theorem 2.6 gives Corollary 2.7. The field N R x0 is an Archimedean, real closed field which is the real closure of Q(Λ t : t ∈ T ). Moreover the function N R x0 ∋ f → f (x 0 ) ∈ R is an order preserving monomorphism.
It is easy to prove that
T is an open set, has a unique holomorphic extensioñ 
is an isomorphism of fields, where i 2 = −1.
Proof. Indeed, by Corollary 2.12 for any U ∈ Ω C x0 we have U ∩R T ∈ Ω R x0 , and so the mapping Ψ is well defined. Moreover, for any pair
Hence Ψ is a bijective mapping, and Proposition 2.5 gives the assertion.
Let m be a fixed positive integer and Λ a system of m variables Λ 1 , . . . , Λ m .
We define a polynomial
by ω(P ) = 0 for P = 0 and ω(P ) = P 0 for P = 0, where
We now define sets
By the Tarski-Seidenberg Theorem (see [22, 30] ), the sets W P for P ∈ Q[Λ] are Q-semialgebraic.
An argument analogous to the proof of [29, Theorem 1.1] gives the following proposition, where we give an important example of a c-filter. Proposition 2.9. The family W = {W P : P ∈ Q[Λ]} is a c-filter and satisfies the following conditions:
R 3 . for P = 0, W P is open, connected and simply connected, R 4 . for K = C and P = 0, W P is a dense subset of C m ,
We have (see [28] )
Let T be a nonempty linearly ordered set with ordering ≺. For any t 1 , . . . , t m ∈ T with t 1 ≺ · · · ≺ t m we consider the projection map
We define a family W
From Lemma 2.10 and Proposition 2.9 we obtain From the definition of the sets W P in the real and complex cases and from Proposition 2.9 and Lemma 2.10 we have
We will denote by N 
is an isomorphism of fields, where 
2.6.
Extensions of c-filters. Let K = R or K = C. Let (T 1 , T 2 ) be a pair of nonempty disjoint linearly ordered sets with orderings ≺ 1 and ≺ 2 , respectively. Then T 1 ∪ T 2 is linearly ordered by: for any t, t
and t ′ ∈ T 2 , or t, t ′ ∈ T 1 and t ≺ 1 t ′ , or t, t ′ ∈ T 2 and t ≺ 2 t ′ . Then one can consider
Under the above convention, the construction of the c-filter
On account of the above proposition, the c-filter W Let (T 1 , T 2 ) be a pair of nonempty disjoint linearly ordered sets. 
The mapping δ g is well defined, because any representative of f ∈ N K Ω depends only on a finite number of variables, so 
is a derivation on K, and ϕ is a Q-differential isomorphism of the differential fields (K, δ), (K, δ ϕ ).
Proof. Obviously δ ϕ is a Q-linear mapping, and for any f, g ∈ K,
On the other hand, for any a ∈ K, ϕ(δ(a)) = ϕ(δ(ϕ −1 (ϕ(a)))) = δ ϕ (ϕ(a)), which completes the proof.
Corollary 3.3. Let (K, δ) be a differentially closed field of characteristic zero. Then there exists an infinite set T such that (K, δ) is Q-differentially isomorphic to (N C Ω , δ g ) for an arbitrary c-filter Ω of Q-semialgebraic sets in C T and some family
Proof. Let T be a transcendence basis of K over Q. By Proposition 1.1, T is an infinite set. Since K is algebraically closed, being differentially closed, Proposition
2.5(b) implies that K is Q-isomorphic to N
C Ω for an arbitrary c-filter Ω of Qsemialgebraic sets in C T . Then, by Propositions 3.1 and 3.2 we see that (K, δ) is Q-differentially isomorphic to (N C Ω , δ g ) for some family g of the form (7).
In view of the definition of the c-filter W C T , Corollary 3.3 and Proposition 2.13 imply Corollary 3.4. Let (K, δ) be a differentially closed field of characteristic zero. Then there exists a real closed field R such that K is an algebraic extension of R of degree 2.
A derivation which makes the field of Nash functions differentially
closed. Let T be a linearly ordered infinite set with ordering ≺. Let Ω be a c-filter of Q-semialgebraic subsets of C T (e.g., the one defined in Section 2.5). Set
Consider the ring of polynomials
K[Y ] = K[Y j : j ∈ N].
For any P ∈ K[Y ] we set
Obviously T \ D(P) is a finite set.
For P ∈ K[Y ] with deg P > 0, we set
where deg Yj P denotes the degree of P as a polynomial in Y j . Additionally we set α(P) = −1 if P ∈ K \ {0}, and α(0) = −∞.
Since T is infinite, we immediately obtain There exists a family of pairwise disjoint infinite and countable subsets T P,Q ⊂ T , (P, Q) ∈ A, such that
Proof. Since T is infinite, there exists a bijection τ : N × T → T . By Fact 3.5 there exists a bijection η : A → T . Thus for T P,Q = τ (N × {η(P, Q)}) ⊂ T , (P, Q) ∈ A, we obtain the assertion.
Fact 3.7. Let (P, Q) ∈ A. For any t P,Q,0 , . . . , t P,Q,α(P) ∈ D(P) ∩ D(Q) such that t P,Q,0 ≺ · · · ≺ t P,Q,α(P) we have
under the natural convention when α(P) = 0. Moreover, points t P,Q,0 , . . . ,
Proof. By the definition of A, the polynomial Q depends on at most α(P) − 1
, and hence we immediately deduce the assertion.
Recall that K = N C Ω is an algebraically closed field as the algebraic closure of the field of rational functions Q(Λ t : t ∈ T ).
Let (P, Q) ∈ A and let g P,Q ∈ K be a solution of the equation P(Λ tP,Q,0 , . . . , Λ t P,Q,α(P)−1 , Y α(P) ) = 0 with respect to Y α(P) . The existence of the set {g P,Q ∈ K : (P, Q) ∈ A} follows from the axiom of choice.
Define a family g of points g t ∈ K, t ∈ T , by (10) g t =      Λ tP,Q,i+1 for t = t P,Q,i , i = 0, . . . , α(P) − 2, g P,Q for t = t P,Q,α(P)−1 , f t for t ∈ T P,Q \ {t P,Q,0 , . . . , t P,Q,α(P)−1 }, under the natural convention when α(P) ∈ {0, 1}, where f t ∈ K are arbitrary for t ∈ T P,Q \ {t P,Q,0 , . . . , t P,Q,α(P)−1 }, for each (P, Q) ∈ A, and consider the derivation (11)
Proof. Obviously (K, δ g ) is a differential field. It suffices to prove that for each pair p, q ∈ K{y} of differential polynomials such that ord q < ord p, q = 0, there is some f ∈ K with p(f ) = 0 and q(f ) = 0. Since the field K is algebraically closed, this condition obviously holds in the case ord p = 0. Assume that ord p > 0.
, there exists a one-to-one correspondence between
for j ∈ N. So, for any p, q ∈ K{y} with ord p > ord q, q = 0, there exist P, Q ∈ K[Y ] such that p = P(y 0 , y δ , . . . , y δ n , . . .) and q = Q(y 0 , y δ , . . . , y δ n , . . .), α(P) = ord p > 0 and α(Q) = ord q. Hence, by Fact 3.6, for f = Λ tP,Q,0 ∈ K, we have p(f ) = 0 and q(f ) = 0, which completes the proof.
From the choice of g in (10) and Theorem 3.8 we have In Theorem 3.8 we obtained a derivation δ on the field N C Ω making the field differentially closed, by using the axiom of choice. In the next Section 3.3 we will construct such a derivation without using the axiom of choice, but only for the field of Nash functions defined by the c-filter W C T . It is not clear to the author whether such a construction is possible for every c-filter. 
, where
with x ∈ U P × C α(P) and an indeterminate Y α(P) , has solutions : U t0,...,t α(P)−1 → C, h t0,...,t α(P)−1 P,i (y) = h P,i ((y(t P 1 ), . . . , y(t P m )), (y(t 0 ), . . . , y(t α(P)−1 ))), belong to K, where the coordinates y(t P 1 ), . . . , y(t P m ), y(t 0 ), . . . , y(t α(P)−1 ) of y should be rearranged according to the order in T . Moreover, P(ỹ, h t0,...,t α(P)−1 P,i (ỹ)) = 0 for y ∈ U t0,...,t α(P)−1 and i = 1, . . . , d, whereỹ = ((y(t P 1 ), . . . , y(t P m )), (y(t 0 ), . . . , y(t α(P)−1 ))) for y ∈ U t0,...,t α(P)−1 .
Since T , K and K[Y ] have the same cardinality, there exists a bijection
We may assume that for any n 1 , n 2 ∈ N such that n 1 < n 2 and P ∈ K[Y ] we have σ(n 1 , P) ≺ σ(n 2 , P). Set
where we set max ∅ = 0. Since T \ D(P) is finite, the numbers n P are well defined.
Define a function
where h σ(nP +1,P),...,σ(nP +α(P)−1,P) P,i
are the zeroes of P with respect to Y α(P) for (12) and Fact 3.10).
Consider the following derivation on K:
By a similar argument to that for Theorem 3.8 we obtain
Theorem 3.11. The field (K, δ) is differentially closed.
Proof. Under the notation of Section 3.2, take any p, q ∈ K{y} such that ord q < ord p, q = 0. Then there there exist P, Q ∈ K[Y ] \ {0} such that p = P(y 0 , y δ , . . . , y δ n , . . .), q = Q(y 0 , y δ , . . . , y δ n , . . .), and α(Q) = ord q < ord p = α(P).
If ord p = 0 then p depends only on y 0 , and q is a nonzero constant (in K), so there exists f ∈ K such that p(f ) = 0 and q(f ) = 0. If ord p > 0 then for f = Λ σ(nP +1,P) ∈ K we have p(f ) = 0 and q(f ) = 0. This completes the proof.
A universal extension of a differential field
Let T be a linearly ordered set. For simplicity of notations we will assume that
Section 2.5. Consider a pair (T 1 , T 2 ) of nonempty sets, where T 1 = T and T 2 is a linearly ordered infinite set such that T 1 ∩ T 2 = ∅ and card
A similar argument to the proof of Theorem 3.8 gives 
is a derivation extending δ g and (N C T1∪T2 , δ * ) is a differentially closed field which is a universal extension of (N C T1 , δ g ).
Proof. We will use similar notation to that of Section 3.
Then T 2 \ D T2 (P) is a finite set.
Consider the set
We easily see that the sets
and A have the same cardinality, where Z denotes a single variable. Then there exists a family of pairwise disjoint countable subsets T P,Q ⊂ T 2 , (P, Q) ∈ A and a set T 3 ⊂ T 2 disjoint from all T P,Q , such that card T 3 = card T 2 and
Indeed, since T 2 is an infinite set, there exist disjoint sets T 3 , T 4 ⊂ T 2 such that T 2 = T 3 ∪ T 4 and card T 3 = card T 4 = card T 2 . By using Fact 3.6 for T 4 , we deduce the above claim.
Take sets
of polynomials with positive degrees with respect to Z, for n ∈ N, n > 0.
Obviously there are pairwise disjoint sets T R1,...,Rn ⊂ T 3 for (R 1 , . . . , R n ) ∈ E n of cardinalities d 1 · · · d n , where n ∈ N, n > 0, and d j = deg Z R j for j = 1, . . . , n, such that
Take any (R 1 , . . . , R n ) ∈ E n , and let d j = deg Z R j , j = 1, . . . , n. For any j = 1, . . . , n, take all solutions h j,ν,R1,...,Rn ∈ N C T1∪{1,...,n} , ν = 1, . . . , d j , with respect to Z, counted with multiplicity, of the equation R j = 0. The field N C T1∪{1,...,n} is determined by the c-filter W C T1∪{1,...,n} of subsets of C T ∪{1,...,n} . Set
It is easy to see that there exists a bijection ..,Rn (t j )(x) = h j,ν1,R1,...,Rn (x(t 1 ), . . . , x(t n )) ∈ K for j = 1, . . . , n, i.e., after the change of coordinates, η R1,...,Rn is the composition of τ R1,...,Rn with the projection (x, y) → y.
Consider the bijection τ : T 3 → n>0 (R1,...,Rn)∈En ν∈IR 1 ,...,Rn H ν,R1,...,Rn defined by τ (t) = τ R1,...,Rn (t) for t ∈ T R1,...,Rn . We also define a mapping η : T 3 → K by η(t) = η R1,...,Rn (t) if t ∈ T R1,...,Rn .
For any (P, Q) ∈ A and any t P,Q,0 , . . . , t P,Q,α(P) ∈ D T2 (P) ∩ D T2 (Q) such that t P,Q,0 ≺ · · · ≺ t P,Q,α(P) we have Q(Λ tP,Q,0 , . . . , Λ t P,Q,α(P)−1 ) = 0 and deg Y α(P) P(Λ tP,Q,0 , . . . , Λ t P,Q,α(P)−1 , Y α(P) ) > 0, and hence there exist h P,Q ∈ K such that P(Λ tP,Q,0 , . . . , Λ t P,Q,α(P)−1 , h P,Q ) = 0.
Define a family h of points h t ∈ K, t ∈ T 2 , by
for t = t P,Q,α(P)−1 , f t for t ∈ T P,Q \ {t P,Q,0 , . . . , t P,Q,α(P)−1 }, for (P, Q) ∈ A, where f t ∈ K are arbitrary for t ∈ T P,Q \ {t P,Q,0 , . . . , t P,Q,α(P)−1 }.
. So, by an analogous argument to that for Theorem 3.8 we deduce that (K, δ * ) is a differentially closed field, differentially extending (N C T1 , δ g ). We will show that (K, δ * ) is a universal extension of (N C T1 , δ g ). Take any finitely generated extension (F , δ 0 ) of (N C T1 , δ g ). Let a 1 , . . . , a n ∈ F be points such that F = N C T1 (a 1 , . . . , a n ). Since a derivation uniquely extends onto algebraic elements over N C T1 , it suffices to consider the case when a 1 , . . . , a n are algebraically independent over N C T1 . Let b j = δ 0 (a j ) for j = 1, . . . , n. By Proposition 3.2 one can assume that a 1 = Λ 1 , . . . , a n = Λ n for some independent variables Λ 1 , . . . , Λ n and F ⊂ N C T1∪{1,...,n} , where by assumption T 1 ∩ {1, . . . , n} = ∅. Observe that there are pairwise distinct points t j ∈ T 3 , polynomials R j ∈ Q[Λ t : t ∈ T ∪ {1, . . . , m}][Z] and a sequence ν ∈ I R1,...,Rn such that b j = η(t j ) for j = 1, . . . , n.
Indeed, since b 1 , . . . , b n ∈ N C T1∪{1,...,n} , these are algebraic elements over Q[Λ t : t ∈ T 1 ∪ {1, . . . , n}], so for some polynomials R j ∈ Q[Λ t : t ∈ T ∪ {1, . . . , m}][Z], we have R j (λ, b i (λ)) = 0 on an appropriate set U ∈ W C T ∪{1,...,n} for j = 1, . . . , n. Since h j,ν,R1,...,Rn are all zeroes of R j with respect to Z, after choosing a suitable ν we obtain the above observation.
Take a monomorphism ϕ : F → K defined by ϕ(f ) = f for f ∈ N C T1 and ϕ(a j ) = Λ tj for j = 1, . . . , n.
. . , n and ϕ is an embedding of (F , δ 0 ) into (K, δ * ).
This ends the proof. 1) any U ∈ Ω is a connected component of the complement of a proper algebraic
2) for any
The above mentioned correspondence is as follows:
Fact 5.1. For any ordering ≻ of Q(Λ T ) there exists a unique plain filter Ω such that f ≻ 0 iff f > 0 on some U ∈ Ω. Conversely, any plain filter Ω determines a unique ordering ≻ of Q(Λ T ) in the above way.
Since any ordering in N
R Ω is uniquely determined by an ordering in Q(Λ T ), from the above fact we obtain (cf. Corollary 3.3 for differentially closed fields) Corollary 5.2. Let (K, δ) be an ordered differentially closed field. Then there exists an infinite set T such that (K, δ) is Q-differentially order isomorphic to (N R Ω , δ g ) for some c-filter Ω of Q-semialgebraic sets in R T and some family
Proof. Let T be the transcendence basis of K over Q. By Proposition 1.1, T is an infinite set. Since K is a real closed field, being ordered and differentially closed, Proposition 2.5(a) shows that K is Q-order isomorphic to N R Ω for some plain filter Ω of subsets of R T . Then, by Propositions 3.1 and 3.2 we see that (K, δ) is Qdifferentially order isomorphic to (N C Ω , δ g ) for some family g of form (14).
5.2.
A derivation which makes an Archimedean Nash field ordered differentially closed. Let T ⊂ R be an infinite set algebraically independent over Q.
Let Ω = Ω R x0 be the c-filter of subsets of R T centered at x 0 ∈ R T , defined by (1) in Section 2.2. Set
By Theorem 2.6, the field K is Archimedean, where the ordering ≻ in K is described
Remark 5.3. By the definition of the c-filter Ω R x0 , each f ∈ K is an analytic function in a neighbourhood of x 0 , or more precisely, f is a germ of analytic function at x 0 . Consequently, one can consider the elements f as sums of power series centered at x 0 in a finite number of variables.
By Corollary 2.7 we have Fact 5.4. K x0 is a real closed field order isomorphic to K.
We will adopt the notation of Section 3.2. Consider the ring of polynomials
where f j0,...,j k ∈ K for all j 0 , . . . j k , we denote by R x0 the polynomial in
Consider the sets
for k, n ∈ N, and let
We immediately obtain the following fact (cf. Fact 3.5). Fact 5.6. There exists a family of pairwise disjoint infinite and countable subsets T P,Q1,...,Qn,f0,...,f k ⊂ T , (P, Q 1 , . . . , Q n , f 0 , . . . , f k ) ∈ Z, such that T = (P,Q1,...,Qn,f0,...,f k )∈Z T P,Q1,...,Qn,f0,...,f k .
Proof. Since T is infinite, there exists a bijection τ : N × T → T . By Fact 5.5 there exists a bijection η : Z → T . Thus setting
for (P, Q 1 , . . . , Q n , f 0 , . . . , f k ) ∈ Z, we obtain the assertion.
, where Q real denotes the real closure of Q, such that
for some f z ∈ K. Moreover, points in (15) such that t P,Q,0 ≺ · · · ≺ t P,Q,α(P) always exist.
Proof. By the definition of Z, the polynomial Q s depends on at most k first vari-
The set of coordinates of x 0 is algebraically independent over Q, so x 0 (t z,j ) = 0 for j = 0, . . . , k.
Let ξ j = f j (x 0 ) ∈ K x0 , j = 0, . . . , k. In view of the choice of the point z,
Since Q real is a dense subset of R, for any r j ∈ Q real \{0} sufficiently close to ξj x0(tz,j) for j = 0, . . . , k we have (18) (Q s ) x0 (r 0 x 0 (t z,0 ), . . . , r k x 0 (t z,k )) > 0, s = 1, . . . , n, and moreover r j x 0 (t z,j ) = r j F j (x 0 ) ∈ K x0 , where F j (Λ T ) = Λ tz,j for j = 0, . . . , k.
Then there exists ε > 0 such that any point of the set U = r = (r 0 , . . . , r k ) ∈ Q real k+1
: r j − ξ j x 0 (t z,j ) < ε satisfies (18) . Since ∂Px 0 ∂x k (ξ 0 , . . . , ξ k ) = 0 and K x0 is real closed, the function K x0 ∋ ζ → P x0 (ξ 0 , . . . , ξ k−1 , ζ) ∈ K x0 changes sign at ξ k . So, diminishing ε if necessary, and fixing r, we find that for any r = (r 0 , . . . , r k ) ∈ U, the function h r : K x0 ∋ ζ → P x0 (r 0 x 0 (t z,0 ), . . . , r k−1 x 0 (t z,k−1 ), ζ) ∈ K x0 changes sign in a sufficiently small neighborhood of ξ k . Hence, there exists ξ * ∈ K x0
such that P x0 (r 0 x 0 (t z,0 ), . . . , r k−1 x 0 (t z,k−1 ), ξ * ) = 0, (Q s ) x0 (r 0 x 0 (t z,0 ), . . . , r k−1 x 0 (t z,k−1 ), ξ * ) > 0, s = 1, . . . , n.
By definition of K x0 there exists f z ∈ K such that f z (x 0 ) = ξ * . Moreover, r j ∈ K and so r j Λ tz,j ∈ K. So, by (19) we immediately deduce the assertion.
Take any z = (P, Q 1 , . . . , Q n , f 0 , . . . , f k ) ∈ Z, where k = α(P), let t z,0 , . . . , t z,k ∈ D(P) ∩ D(Q 1 ) ∩ · · · ∩ D(Q n ) ∩ T z be points such that t z,0 ≺ · · · ≺ t z,k , and let r z,0 , . . . , r z,k−1 ∈ Q real \ {0} and f z ∈ K be as in Proposition 5.7, i.e., (17) and (16) hold. The existence of the set {f z ∈ K : z ∈ Z} follows from the axiom of choice.
Define a family g of points g t ∈ K, t ∈ T , by (20)
rz,i Λ tz,i+1 for t = t z,i , i = 0, . . . , α(P) − 2, 1 r z,α(P)−1 f z for t = t z,α(P)−1 , h t for t ∈ T z \ {t z,0 , . . . , t z,α(P)−1 }, where h t ∈ K are arbitrary for t ∈ T z \{t z,0 , . . . , t z,α(P)−1 }, for each z = (P, Q 1 , . . . , Q n , f 0 , . . . , f α(P) ) ∈ Z.
Theorem 5.8. (K, δ g ) is an ordered differentially closed field.
Proof. Obviously (K, δ g ) is an ordered differential field and by Corollary 2.7, K is real closed. Take any p, q 1 , . . . , q n ∈ K{y} such that k = ord p ≥ ord q j , 1 ≤ j ≤ n, and any f 0 , . . . , f k ∈ K such that p * (f 0 , . . . , f k ) = 0 and q * j (f 0 , . . . , f k ) ≻ 0, 1 ≤ j ≤ n. Then z = (p * , g * 1 , . . . , g * n , f 0 , . . . , f k ) ∈ Z and by (20) and Proposition 5.7 for f = r z,0 Λ tz,0 , similarly to the proof of Theorem 3.8, we deduce that p(f ) = 0 and q j (f ) ≻ 0, 1 ≤ j ≤ n, which gives the assertion. ) .
Remark 5.10. By Proposition 1.6, to construct a derivation δ on K such that (K, δ) becomes ordered differentially closed, it suffices to construct solutions of linear differential equations and, as in (20) , solutions of polynomial differential equations p(y) = 0, n = ord p > 0, provided there are points a 0 , . . . , a n ∈ K, b 0 , . . . , b n ∈ K such that p * (a 0 , . . . , a n )p * (b 0 , . . . , b n ) ≺ 0. 
